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For a prime number p, let Fp be the finite field of cardinality p and X 5 Xp a
fixed indeterminate. We prove that for any natural number N, there exist infinitely
many pairs (p, K/Fp(X)) of a prime number p and a ‘‘real’’ quadratic extension
K/Fp(X) for which the genus of K is one and the class number of the integral
closure of Fp[X ] in K is N.  1997 Academic Press
1. INTRODUCTION
One of the classical and notorious unsolved problems on class numbers
of real quadratic number fields is:
P1. For each natural number N, do there exist infinitely many real
quadratic number fields with class number N?
For N 5 1, Gauss conjectured that P1 has an affirmative answer. For
large N, even the existence of a single such quadratic field is not yet
known.
The purpose of this note is to consider a (special case of) ‘‘twisted’’
analogue of P1 for function fields over finite fields. Let p denote a prime
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number and Fp the finite field of cardinality p. Let X 5 Xp be a fixed
indeterminate and y 5 yX the prime divisor of the rational function field
Fp(X) corresponding to the zero of 1/X. For a finite separable extension
K/Fp(X), let OK,X be the integral closure of Fp[X ] in K, ClK,X the ideal
class group of the Dedekind domain OK,X and hK,X the cardinality of ClK,X .
After Artin [1], a separable quadratic extension K/Fp(X) with nonzero
genus is called a real quadratic extension if yX splits, and an imaginary
quadratic extension otherwise. The standard analogue of P1 is given
for each pair (p, N) of a prime number p and a natural number N as
follows:
P2(p, N). Do there exist infinitely many real quadratic extensions
K/Fp(X) with hK,X 5 N?
At present, nothing seems to be known about this problem. The twisted
analogue we consider is given for each pair (g, N) of natural numbers g
and N as follows:
P3(g, N). Do there exist infinitely many pairs (p, K/Fp(X)) of a prime
number p and a real quadratic extension K/Fp(X) for which gK 5 g and
hK,X 5 N? Here, gK denotes the genus of K.
Madan [6] (resp. T. Schmidt [13]) answered this question affirmatively
when g 5 1 (resp. g 5 2) and N 5 1. We generalize Madan’s result and
prove the following:
THEOREM. When g 5 1, the question P3(1, N) has an affirmative answer
for all N.
Remark. There are several results on class numbers of imaginary qua-
dratic function fields. It is known that for each N, there are at most finitely
many pairs (p, K/Fp(X)) of a prime number p and an imaginary quadratic
extension K/Fp(X) with hK,X 5 N. This follows from the Riemann hypothe-
sis (the Hasse–Weil theorem) for curves over finite fields. (See Leitzel et
al. [8, p. 19] for p $ 5, and Madan and Queen [7, p. 424] for p 5 2, 3.) When
N 5 1 (resp. N 5 2), MacRae [5] (resp. [8] and Brigand [2]) determined
all such pairs. See also [7], Madden [9], and Washington [14] for some
related topics.
2. PROOF OF THE THEOREM
We need the following lemma, which we prove later.
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LEMMA. Let N be a given natural number. There exist infinitely many
pairs (a, b) of natural numbers a and b satisfying the following three condi-
tions:
(i) b is square free.
(ii) 2a 1 Nb 2 1 is a prime number.
(iii) a , Ï2a 1 Nb 2 1.
Proof of the theorem. Let N be a given natural number. Choose inte-
gers a and b satisfying the conditions in the lemma. Then, by (ii), p 5
2a 1 Nb 2 1 is a prime number, and by (iii), k 5 Q(Ïa2 2 p) is an imaginary
quadratic field. The prime number p splits in k, and the principal ideal
p 5 (a 1 Ïa2 2 p) is a prime ideal of k over p. Since p is principal, there
exists an elliptic curve E defined over Fp such that its endomorphism ring
is isomorphic to the ring of integers of k and the Frobenius automorphism
of E over Fp corresponds to f 5 a 1 Ïa2 2 p or its conjugate f 9 by a result
of Deuring [3, p. 199]. For this, the reader may also consult Ihara [4, Sec-
tion 2]. Denote by E(Fp) the group of Fp rational points of E. Then, we have
uE(Fp)u 5 p 1 1 2 (f 1 f 9) 5 p 1 1 2 2a 5 Nb.
By (i) of the lemma, we see that E(Fp) has a point P of order b. Now,
let K 5 Fp(E) be the function field of E over Fp and ClK its divisor class
group of degree zero. Then, ClK is naturally isomorpic to E(Fp). Further,
letting P1 and P2 be the prime divisors of K of degree one corresponding
to P and the origin of E, respectively, the divisor class [P1 2 P2] in ClK is
of order b. By the theorem of Riemann and Roch, there exists a nonconstant
function Y in K such that the principal divisor (Y) equals A 2 (P1 1 P2)
for some positive divisor A with P1 , P2 Ó uAu. Here, uAu is the support of
A. Therefore, K/Fp(Y) is a quadratic extension, in which yY splits. The
class numbers hK,Y 5 uClK,Y u and uClK u are related by hK,Y 5 uClK u/
uk[P1 2 P2]lu (see Schmidt [12, Satz 25], or Rosen [11, Proposition 1]).
Hence, we have hK,Y 5 Nb/b 5 N. Replacing Y by X, we obtain the
assertion of the theorem. n
To prove the lemma, we need the following fact on square free numbers:
Fact (Cf. Richert [10]). Let q and , be natural numbers relatively prime
to each other, and let sn be the nth square-free integer belonging to the
arithmetic progression mq 1 , (m $ 0). Then, there is a constant C (.0)
such that
sn11 2 sn # C ? n2/9 ? log n
for all sufficiently large n.
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Proof of the lemma. First, we deal with the case when N is even. Let
bn be the nth square free natural number satisfying bn ; 1 mod 2. From
the above fact, we have
Nbn11 2 Nbn , Ïn
for all sufficiently large n. Hence, the subset <n(Nbn, Nbn 1 Ïn) of the
real numbers R contains (c, 1y) for some c (.0), where (p, p p) denotes
an open interval. Therefore, we have infinitely many n such that (Nbn,
Nbn 1 Ïn) contains a prime number. Take any such n. Let b 5 bn and p
be a prime number with Nb , p , Nb 1 Ïn. As N is even and p is odd,
a 5 (p 2 Nb 1 1)/2 is a natural number. The pair (a, b) clearly satisfies
(i) and (ii). It also satisfies (iii) because
a 5 (p 2 Nb 1 1)/2 , ((Nbn 1 Ïn) 2 Nbn 1 1)/2 , Ïn , ÏNbn , Ïp.
Here, the third inequality holds since n , bn by definition. Further, we also
note that the pair (a, b) satisfies 2Uu b.
Next, assume that N is odd. For N 9 5 2N, we have seen that there
exist infinitely many pairs (a9, b9) of natural numbers satisfying the three
conditions of the lemma and 2Uu b9. Note that 2b9 is square free since b9 is
and 2Uu b9. Then, we see that for odd N, the pairs (a, b) 5 (a9, 2b9) satisfy
the conditions. n
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